The construction of the well-known continuous wavelet transform has been extended before to higher dimensions. Then it was generalized to a group which is topologically isomorphic to a homogeneous space of the semidirect product of an abelian locally compact group and a locally compact group. In this paper, we consider a more general case. We introduce a class of continuous wavelet transforms obtained from the generalized quasi-regular representations. To define such a representation of a group G, we need a homogeneous space with a relatively invariant Radon measure and a character of G.
Introduction
A wavelet is known as a square integrable function, ψ ∈ L 2 (R), which satisfies the condition C ψ = +∞ −∞ |ψ(ω)| 2 |ω| dω < +∞, whereψ is obtained from ψ by the Plancherel theorem. A continuous wavelet transform (1-D CWT) of a function f ∈ L 2 (R) has been defined by using a wavelet ψ as follows
for almost all a, b ∈ R, a = 0. The continuous wavelet transforms have been extended to higher dimensions (cf. [3, ter 9]). The n-dimensional continuous wavelet transforms can be obtained through the action of a Lie group G, which can be represented in the semidirect product form of two special Lie groups K and H , via a unitary representation on L
(K ).
In this case, K can be considered as a homogeneous space that G acts on it, and possesses a relatively invariant Radon measure.
In [2] it has been mentioned that how the continuous wavelet transforms can be defined on the two-sphere, a twosheeted hyperboloid, and some other similar manifolds. Also, one may find in [5] [6] [7] some other aspects of generalization of continuous wavelet transforms related to homogeneous spaces.
In [4] and [8] a more general case has been discussed; for a locally compact abelian group K and a locally compact group H , they have considered a continuous wavelet transform of the semidirect product K × H on L 2 (K ) defined by
(almost all x ∈ K ), where Δ G and Δ H are the modular functions on G and H , respectively. These kinds of wavelet transforms can be contained in a class of continuous wavelet transforms obtained from a continuous unitary representation of a locally compact group G on L 2 (S), where S is a homogeneous space that G acts on it. More specifically, when H is a closed subgroup of a locally compact group G, we define the generalized quasi-regular representations of G on L
(G/H).
We show that these representations exist when G/H is attached to a relatively invariant Radon measure. In this case, all generalized quasi-regular representations can be exactly determined with the continuous homomorphisms defined from G into the unit circle T. We consider the continuous wavelet transforms obtained from these representations as a class of wavelet transforms containing the above continuous wavelet transforms. To reach the goal we need first to prove some results on homogeneous spaces. The outline of the rest of this paper is as follows: In Section 2, we introduce some notations and present some preliminary results on homogeneous spaces which we need in the sequel. In Section 3, we define a continuous unitary representation of G by using its action on a given homogeneous space, a generalized quasi-regular representation, which plays the role of the left regular representation of G. In Theorem 3.1 a necessary and sufficient condition is offered to have such a representation. We characterize this kind of representations of G in Theorem 3.3. In the last section, we consider the class of continuous wavelet transforms that can be obtained from a generalized quasi-regular representation in a similar way to what has been done in [10] . Finally, with a few examples, we show that in this manner we can get the n-dimensional continuous wavelet transforms and also the continuous wavelet transforms on a group which is topologically isomorphic to a homogeneous space of the semidirect product of an abelian locally compact group and a locally compact group, which have been discussed in [4, 8] . Also, we offer some examples of continuous wavelet transforms that cannot be obtained by the way which has been introduced in [4, 8] .
Conditions for the existence of relatively invariant measures
Throughout this paper, when X is a locally compact Hausdorff space with a Radon measure μ, C c (X) consists of all continuous complex-valued functions on X with compact supports. Also, for each 1 
If the functions λ(x, · ) reduce to constants, then μ is called relatively invariant under G.
We consider a rho-function for the pair (G, H) as a continuous function ρ : G → (0, +∞) for which
It is well known that (G, H) admits a rho-function and for each rho-function ρ there is a strongly quasi-invariant measure μ
μ also satisfies Proof. Let μ be the strongly quasi-invariant measure which arises from a rho-function ρ. If ρ is a homomorphism, then by (3) we get dμ x = ρ(x) dμ, for all x ∈ G, which shows that μ is relatively invariant under G. Conversely, if μ is a relatively invariant measure, then there is a continuous function λ :
Thus for a fixed x ∈ G we have
An easy calculation shows that ρ 0 is a homomorphism rho-function for (G, H). Also, dμ = ρ(e) dμ 0 where μ 0 is the relatively invariant Radon measure on G/H which arises from ρ 0 . 2
In the next proposition, we show that if G is the semidirect product of two locally compact groups K and H respectively, then G/H has a relatively invariant Radon measure. For this, we need to fix some notations. Suppose that K and H are two locally compact groups with neutral elements e K and e H respectively. If h → τ h is a homomorphism of H into the group of automorphisms of K and the mapping (k, h) → τ h (k) from K × H onto K is continuous with respect to the usual product topology, then the set K × H endowed with the operations 
x ∈ G, h ∈ H, and x = kh for some k ∈ K .
It is easy to show that ρ is a rho-function
for some k ∈ K . Then it follows that ρ is a homomorphism rho-function for (G, H). 2
Criteria for the construction of generalized quasi-regular representations
From now on, by "a representation" (π , H) of a locally compact group G we mean "a continuous unitary representation";
i.e. a homomorphism π from G to the group of unitary operators on Hilbert space H, U (H), where U (H) is equipped with the strong operator topology. Also, for a function f on G and for each x ∈ G, the left translation of f by x is defined by
By using the action of a group G on itself, one can define a representation 
where P f satisfies (1). In other words, In the general case, via each
Since ϕ 
for some constants h(x) ∈ C. 
It turns out that the scalars h(x), x ∈ G, define a homomorphism h : G → (C − {0}, · ). To show that h is continuous, assume that a net {x α } α∈I tends to e in G.
Take an open neighborhood U of e with compact closure. Suppose that x α ∈ U for all α ∈ I , and let ϕ be a nonzero continuous function on G/H whose support is contained in q(U ).
, α ∈ I , it follows from Hölder's inequality that
as x α → e. Because of the identity |h(x α )| = √ ρ(e)/ρ(x α ) we get |h(x α )| → 1 as x α → e. In addition, by Lemma 2.1, we get
Now, we can write
which shows that h(x α ) → 1, by (5) and (6), where {x α } approaches e. For the converse, suppose that h : G → (C − {0}, · ) is a continuous homomorphism which satisfies |h(x)| = √
ρ(e)/ρ(x)
Then for each x, y ∈ G, |h(x)| 2 = ρ(y) ρ(xy) only depends on x and so π(x), x ∈ G, will be unitary on L 
(G/H).
Take an α 0 ∈ I for which x α ∈ U and |h(x α ) − 1| < ε/s provided that α α 0 . Then supp(π (x α )ϕ − ϕ) ⊆ q(V K ), for all α ∈ I , and hence we get
Let H be a closed subgroup of G and η be a unitary representation of H . We mean by Ind 
For simplicity, we denote this representation by σ . For each x ∈ G the following diagram commutes:
for all λ ∈ C and for μ-almost all yH ∈ G/H . Therefore, ins oπ (x) = (σ ⊗ π 0 )(x)o ins, for all x ∈ G, and hence π ∼ = σ ⊗ π 0 . For the reverse direction, let σ be a character of G. Then h : G → (C − {0}, · ) is a continuous homomorphism, where
for all x ∈ G, h = σ |h|, and by the first part of the proof we have π ∼ = σ ⊗ π 0 . 2
Conclusion and examples
Suppose that π is a representation of G on a Hilbert space H. 
in which C v is a positive real number satisfying
In addition, we can reconstruct an element u of H via its image W v u as follows:
where the equality holds in the weak-sense. In other words, 
If ρ is a homomorphism rho-function for the pair (G, H), we can define a generalized quasi-regular representation which have been discussed in [4, 8] . Furthermore, we offer some examples of continuous wavelet transforms of a group G on L 2 (K ), by using a generalized quasi-regular representation, where K is a closed subgroup of G such that H is a unimodular closed subgroup of a group G, then the function 
One can easily check that every continuous function of G/H with compact support is an admissible vector for π provided that H is a compact subgroup of G. So we can define a continuous wavelet transform by using a square integrable subrepresentation of π .
Example 4.1 (n-D CWT
The n-dimensional continuous wavelet transform of an element f ∈ L 2 (R n ) has been defined, as a function on R n × R + × SO(n), by
where SO(n) indicates the group of rotations around the origin of R n (cf. [3, Chapter 9] ). Evidently, R n can be considered as a homogeneous space of the similitude group, SIM(n) = R n × (R + × SO(n)). Moreover, the function ρ : SIM(n) → (0, +∞), defined by ρ(b, a, ω) = a n , is a homomorphism rho-function for (SIM(n), R + × SO(n)). Therefore, we can define a unitary
. This representation is square integrable and (9) is the admissibility condition of a vector ψ (cf. [3] ). An easy calculation shows that
Therefore, by (8), we can reconstruct an element f ∈ L 2 (R n ) from W ψ f as follows: 
for almost all k 1 ∈ K where k ∈ K , h ∈ H , and x = kh. The continuous wavelet transform which is obtained via this representation is the same wavelet transform that has been defined in [8] , where K is abelian, and its admissibility condition has been discussed in [4] . 
